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SEDIMENTAT’DN EQUILtBRIUM TECHNIQUES: 

MULTIPLE SPEED ANALYSES AND AN OVERSPEED PROCEDURE 

Dennis E. ROAIUX 
Department of BiobgiaaI Chemisny. T.ke hfilron X Her&e_v Medical Center, 
T%he Pennsyhtanin Stare Univenity, Hersfrey. PA 17033, USA 

The use of a single hgh-speed sedimentation equilibrium experiment to analyze mixed associating systems is inadequate 
to determiqe the association mode even if the molecular weight of one species is known. Simultaneous analysis of the con- 

centration distributions at three equilibrium speedsgreatly reduces the lack of uniqueness. Linear least-squares multi-speed 
fits discriminate between association models in which the molecuhr weights are assumed. Experiments at a series of initial 
concentrations as well as rotor speeds further increases the discrimination. 

An overspeed procedure is proposed. The overspeed time depends only slightly on the scdtrenti~ species molecuk 
weight, but significantly on the frictional ratio. A minimal overspecd time may be estimated. 

1. Introduction 

Perhaps the mdst powerful future application of 
sedimentation equilibrium experiments is the study 
of associating systems. The ultracentrifuge is capable 
not only of determining the existence of oligomeric 
species but of studying the equill%rium thermody- 
namics of reversible, rapidly equilibrating -associations. 
In contrast, the use of cross-linking agents followed 
by analytical gel electrophoresis can give only qualita- 
tive information in the proximity of polypeptide 
chains and not on the nature of the interactions. Anal- 
yses of moving boundaries in sedimentation velocity 
or in gel permeation chromatography are often power- 
ful techniques for the study of interactions. But these 
methods are seriously complicated by their nonequi- 
librium nature: particle shape and various hydrody- 
namic nonidealitiez are reflected in the data. Thus, 
sedimentation equilibrium remains of great promise 
in the exploration of associating systems. 

A collection of ideally behaving species at sedimen- 
tation equilibrium produces 2 concentration distribu- 
tion that is a sum of exponentials: 

c(r) = C Ai exp (u3/2), 
i 

where r is the radius, cri is the reduced molecular 
weight [ 11 

(1) 

~i=ltii(I-Vip)~~/RT, (2) 

for a species of molecular weight Mi and partial specif- 
ic volume Ei sedimenting in a solution of density p 
and temperature Tat an angular velocity w. The prob- 
lem posed by sedimentation equilibrium analyses is 
the estimation of the amplitude Ai and reduced mole- 
cular weight o,- from the concentration distribution 
c(r)_ The unique solution of this problem for a sum of 
cxponentials is notoriously difficult in all but the sim- 
plest cases. For each species assumed present, two de- 
grees of freedom are contributed to the analysis. In a 
careful consideration of increasing degrees of com- 
plexity, Haschemeyer and Bowers [2] concluded that 
not more than 5 degrees of freedom can be uniquely 
analyzed under favorable experimental situations. 
Thus, in the study of mixed-associations, which ne- 
cessarily involve three or more species, a single sedi- 
mentation equilibrium experiment provides inade 
quate information for a unique analysis. Additional 
information is often available from other experiments; 
and, for instance, the molecular weights of one or 
more species may be known, thereby reducing the 
degrees of freedom of the problem at hand. 

In this paper we examine the use of combining 
sedimentation equilibrium experiments at different 
speeds in a single analysis to reduce the ambiguity of 
the analysis. Multiple-speed analysis was used by 
Scholte 131 in his noteworthy technique for determin- 
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ing a molecular-weight-distribution fuIlction for a col- 
lection of non-interacting species. We find here, as 
well, that simultaneous multi-speed analysis permits 
resolution of problems that have non-unique solutions 
at any one speed. We also offer a tentative re-evalua- 
tion of the possibilities of overspeeding a high-speed 
equilibrium experiment to reduce the total time re- 
quired to essentially achieve equilibrium_ 

2. Distinguishing association modes 

Experimental necessity dictated the development 
of the technique described in the next section. We 
have been concerned with associative interactions 
among the arginine-rich histones f2al and f3 from calf 
thymus [4]. Our studies and those of Kombcrg [S] 
suggest that these histones are the subunits of the 
mixed tetramer (f2a 1)~ (f3)~. Furthermore, sedimen- 
tation equilibrium studies indicate that this tetramer 
dissociates to a “dirner”, as shown by the “two- 
species plot” [6] of Fii. 1. Histones f2al and f3 have 
sequence determined molecular weights of 11 240 and 
15 320, respectively [7,8] _ Two dissociation modes of 
the 53 120 m-w. tetramer are possible: 

(f2aI)z + 0-3)~ * Cf2al)a (f312, (3) 

2(f2al) (f3) ti (f2a1)2(f3),_ (4) 

The dimer of eq. (4) has a m.w. of 26 560; while the 
(f2al)2 and (f3)~ dimers of eq. (3) have m_w_‘s of 
22 480 and 30 640, respectively. Eq. (4) involving the 
dimerization of the mixed dimer is a homogeneous 
self-associating system; while eq. (3) describes a het- 
erogeneous or mixed association. In principle, the 
homogeneous and heterogeneous associations can be 
distinguished by comparison of equilibrium experi- 
ments at different initial loading concentrations or 
rotor speeds [1,61. For a series of initial loading con- 
centrations, heterogeneous association results in non- 
overlap of presentations of any molecular weight mo- 
ment such as a, (reduced weight-average molecular 
weight) as a Function of local equilibrium concentra- 
tion. For a series of rotor speeds, an analogous presen- 
tation of ow/w2 versus local equilibrium concentra- 
tion yields non-overlapping curves for a heterogeneous 
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Fig. L. *‘Two-species” plot for f2al-f3. Association behavior 
presented as hfz (r) a function of hr,’ (r) for three loading 
concentrations: (0) 0.2 mg/ml; (0) 0.6 n&ml: and (A) 1.8 mg/ 
ml. Sedimentation equiIibrium conditions are 0.05 M NaOAc, 
0.05 hl NaHS03. 0.005 h¶ EDTA. pH 5; 20°C; and 34 000 rpm. 
Solid line represents a monomer-dkner equilibrium. while 
dashed tine represents a monomer-tetmmer equih%rium. Por- 
tions of the hyperbola, nf,(l/M,) = 1, are sfio-wn as the heavy 
deshed line. 

system. However, the ability to detect significant non- 
overlap depends upon the estimated error of the valu- 

esof uw. 
To determine if apparent averiap of o, versus con- 

centration curves For the histone association experi- 
ments demonstrated the self-association mode of eq. 
(4). computer simulations were performed. The prob- 
Iem involves distinguishing the association modes of 
eqs. (5) and (6) 

A+B+C, (5) 

2A’ =C, (6) 

in which the molecular weight of species A’ is the 
mean of species A and B. Figs. 2 and 3 present ow as 
a Function of local equilibrium concentration for the 
mixed association of eq. (5). Simulated conditions 
were those typicalIy employed in high-speed sedimen- 
tation equilibrium experiments_ Fig, 2 presents a sim- 
ulation in which the sigma’s of species A, B and C are 
4,6 and 10 CXII-~, respectively_ These ratios of mole- 
cular weights correspond approximately to the mixed 
histone association of eq. (3). As can be seen, the non- 
overlap is slight and would not be detected in an actual 
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Fig. 2. Assoctation behavior with a setiesof loading mnccn- 
trations for a mixed-associating system with u’s 4.6 and 13 
cm-z- Simulated Ioadizg ozmcentrationsare 0.75, I.5 and 
3 mm fringe displacement. Association axtstant is 5 mm-‘. 
CoIumn Iength is 0.36 cm. 

experiment. Greater non-overlap is apparent in fig. 3, 
where species A, B and C have sigmas of 4,s and 12 
cmV2, respectively. This non*verlap is probably just 
adequate for detection in experimental data. Thus, 
the self and mixed-association modes of eqs. (5) and 
(6) cannot be distinguished on the basis of apparent 
heterogeneity unless species B is at least twice as !arge 
as species A. The use of a series of rotor speeds rather 
than a series of loading concentrations is even less sen- 
sitive to heterogeneity. Fig. 4 presents a rotor speed 
series for the system of fig. 3. The speed ratios are 
1:1.189:1.414, spanning a twofold range of sigma. 

An alternative to the Iocal molecular weight aver- 
age analyses described above is the direct fit of the 
concentration distribution by a sum of exponentiak. 
Such fits can be of two classes: with and without 
chosen models. Linear least-squares analyses may be 
performed to determine the amplitudes A i if the ui 
have been previousiy chosen to correspond to some 
model. Examination of the residuals or standard de- 
viation of the fit is then useful to determine the cor- 
rectness of the model. If two models cannot be dis- 
tinguished on the basis of their residuals, non-linear 
least-squares fits of the same data will necessarily be 
ambiguous and unstable to small perturbations of 
random errors. 

Simulated concentration distributions were gen- 
erated for the mixed-association mode of eq. (5). 
Concentrations, measured in mm of fringe displace- 
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Pig. 3. Association behavior with a series of LoadHg concen- 
trations for a mixed-associating system with u’s 4, 8 and 13 
cm-Z_ Other conditions are those off=. 7-. 

ment, were perturbed by 0.003 mm (3~) normalIy- 
distributed random noise. Local concentrations having 
gradients greater than those normally observed in an 
experiment were deleted. The gradient limit corre- 
sponds to cu, = IS. These simulated concentration 
distributions were then anatyzed by least-squares anal- 
ysis assuming the monomer-dimer self-association 
mode of eq. (6). Table 1 presents the standard devia- 
tions of these fits for several simulated conditions_ All 
standard deviations have been normalized by dividing 
by the 3~ standard deviation of the contributed ran- 
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Fis. 4. Association behavior with a series of rotor speeds for 
a mixed-associatix system. At the behest speed, WJ. o’s arc 
4.8 and 12 cm-‘. Speed ratiosare 1:1.189:1.414. Initial 
loading concentration is 1.5 mm; association constant is 
5 mm-‘: and column Icrqth is 0.36 cm. 
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Table I 
Least-squares fits of miued-assocfitions by a self-assotition 
model 

A+B*C”) Arb) 2,4’*CC) 
u’s n.S.D. 

2. 3.5 cm” 0.36 cm 1.3 
4.6. 10 0.36 1.3 
2.3.5 0.72 2.0 
4,6. 10 0.72 1.7 
4,8. 12 0.36 3.0 

a) Simulated, noise perhtbed model with K = 5 mm-’ and 
= 1.5 mm fringe displacement. 

b, k&us to base distance. 
cl Normalized standard deviations (S.D./3g) for least-squares 

fitsassuming monomer-dimer modA with A’ = (A+ B)/2. 

dom noise. The incorrect model of eq. (6) cannot be 
excluded by the least-squares analysis unless the nor- 

maIized standard deviation (n.S.D.) is sufficient, A rea- 

sonable criterion is that the n.S.D. be 3 or greater. 
The present quality of “blank pattern correction” re- 
producibility contributes small systematic errors to 
the fringe patterns. This, plus the small errors obtain- 
ed even with automated plate readers [9], suggests the 
appropriateness of requiring standard deviations of at 
least 9p if a fit is to demonstrate the inadequacy of 
an assumed model. The data rJf table 1 demonstrate 
that the mixed-association and self-association cannot 

be distinguished if the sigmas of species A, B and C 
are 4,6 and IO cm-*, respectively. The inadequacy of 
the least-squares analysis of this system is independent 
of rotor speed or column length: the normalized stan- 
dard deviation increases only slightly For 0.72 cm 
meniscus-to-base distance. In agreement with the abil- 
ity to detect heterogeneity by presentations of a, as a 
function of concentration, only if species B is twice 
the moiecular weight of species A can the standard de- 
viation of the fit detect the inconsistency of the as- 
sumed self-association model. 

3. Simultaneous multiple speed analyses of 
sedimentation equiliirium experiments 

To resolve the ambiguities often inherent in the 
least-squares fit of a single concentration distribution, 
simultaneous fits of several concentration distrt%utions 
of the same system but at differing rotor speeds or 

initial loading concentrations may be made. Simplicity 

is possible if the least-squares procedure remains linear. 
The method described here simultaneously fits distri- 
butions for a series of speeds by a linear procedure. 

For convenience, we describe the concentration 

distribution by 

(7) 

where .$ is r’/2; co _ is the (hypothetical, for an inter- 
acting system) in&l loading concentration of species 
i, or alternatively, the mean concentration of species 

i; and the position parameters I’ are 

where &, and tb correspond to the meniscus and base 
of the cell. 

The mixed-association mode, eq. (S), has a concen- 
tration distribution at sedimentation equilibrium: 

c(E) = ‘& ra(e> + =Ob rb(cs) + =& rc(<)- (9) 

The mean species concentrations, cti, cob and cot, of 
thit associating system depend on initial loading con- 
centrations of the three species and on the angular 
velocity w, such that mass action is obeyed at all 

points in the cell. (We assume mass action to be obey- 
ed on a concentration basis and neglect variations in 

the solute activity coefficients. In addition, the equi- 

librium constant is assumed independent of pressure.) 
Thus, for this association, the equilibrium constant K 

on a weight concentration basis is 

(10) 

Although the mean species concentrations are func- 
tions of rotor speed (since the r‘ are functions of 
speed) the total amo?lnts of components A and B are 
speed invariant_ Component A is partially present as 
species A and the remainder as a weight fraction of 
species C. Thus, we may define the “total mean com- 

ponent concentrations*’ of A and B, czT and cbT: 

CaT = c& f @a/o,) cOci 7 (Ii) 

‘&T = cob + (a&,) cOci 02) 

The total mean concentrations czT and cbT are speed 
invariant and are therefore useful fitting parameters 



for simultaneous multi-speed fits. Eqs. (9), (1 I) and 
(12) may be combined to replace coa and cob by caT 
and cbr’ 

@ti> = c&&a -bTrr, 

’ cO,i[r,i- (‘a/u=) ~=-_(Obl”,) ‘,l_ 03) 

Eq. (131, rather than eq. (9), is used to perform simul- 
taneous multi-speed fits_ if values of oa, Gb and uc are 
previously chosen, then the fitting parameters are caT, 
CbT and the Cock for speeds k Thus, a fit of a Siflgk 

speed has three degrees of freedom; while a simultane- 
ous fit of three speeds would have five degrees of free- 
dom. These five degrees constitute a significant re- 
sfriction compared to the nine degrees of freedom if 
each speed were separately analyzed. The reduction 
of degrees of freedom (per channel) makes possible a 
more unique analysis. By ~nstfa~in~ czT and cby to 
be the same at all three speeds, the separate concen- 
tration distributions seme as mutual constraints in the 
fit. 

The three spf?eds (or any number of speeds) can be 
easily combinea into a single least-squares analysis by 
renumbering the concentration and position coordi- 
nates. Thus, if the three channels of data representing 
the same system at three speeds, have N, M and L 
data points, respectively, we combing the data in the 
following manner: 

‘3 k = ‘ci - (O, /aci) ‘, - (ITb loci) ‘b, u 54 

for i= 1 . . . ..Nifk=l. 

i=N+l ,_..,IWAWifk=z, 

i=NiIMil,... ,lV+M+.L if n-3, 
r,, = 0, otherwise. Wd) 

The r are functions of & and rotor speed. A single 
over-determined least-squares analysis is then perform- 
ed for the five fitting parameters over the entire COW- 
bined data set. 

The above procedure has been described for the 
mixed-association of eq. (5). However, it is easily ap- 
plicable to any association mode. One need only write 
the corresponding con~rvation of mass eq~tion(s~ 
for each interacting component present; and combine 
these with the concentration distribution relation cor- 
responding to eq. (9). This immediately indicates the 
appropriate choicst of the transformed I?, as in eq. (IS). 
A particulary simple case is the self-association mode 
where n monomers form an oligomcr: 

rrA == B. 

Here, 

&) = c&r= + CO$b- 

The total mean component concentration is 

(17) 

C ;if = C& +cob_ 

Thus, the equation to Et is 

(1% 

c(E) = caTra + Cob (rb - ra>- (19) 

Eqs. fl!?), for each speed k, are combined as in eqs. 
(14) and (IS), and a fit performed to determine c,T 
and the three cob 

! 
. The quality of this fit is evaluated 

by examination o the overall standard deviation: 
N+Mi-L , 3 ,1 

or of the standard deviations of the three individual 
channels. 

The multi-speed fit described above constrains the 
total mean component concentrations to be the same 
for al1 speeds. This multi-speed fit is termed a “compo- 
nent-constrained” fit. Additional constraints are pos- 
sibIe to further reduce the ambiguity of the fits and 
allow better discrimination between possible associa- 
tion modes. These increased constraints use informa- 
tion generated by the “component-constrained” fit. 
Estimation of association constants are made and 
averaged over the several concentration distributions 
to provide additional constraint. From the “(compo- 
nent-constrained’” multi-speed fit described above, 
values of the coi are determined for each speed from 
the conservation of mass equations, such as eqs. (I I), 
(12) or (18). 

For example, a multi-speed fit has assumed a 
monomer+hmer model [eqs. (16)-(20)]. The fit for 
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three speeds k determines caT and the three f&x_. 
Values of ctik and equilibrium constants for each 
speed k are generated from eqs. (10) and (18): 

CO3k = ‘f& - CObk 9 (21) 

Kk = fob&&,& cm 

me position parameters r, and rb for speed k may 
be evaluated at any position g, but most conveniently 
at the cell base &, . The equilibrium constants are then 
averaged over the three speeds k: 

K=M-k). (231 

This average equilibrium constant is then used to gen- 
erate the co. for each speed. To acccmplish this, we 
define the ‘ftransformed” equilibrium constant Ki: 

K; = Co&zk = R r;/rb. (24) 

With a value of Ki and caT, eqs. (18) and (24) are 
solved simultaneously to determine the unknowns 

COak snd CObk- The values of the coax. and cObk deter- 
mined for the speed k are then used to compute a 
standard deviation for the concentration distribution 
fit: 

SD).2 = 
TT fck(&) - c&,& - c,,&,12 

lv+M+L- 4 - (2% 

The sum may be over the data for all three speeds k, 
as in eq. (25), or over a single speed. This technique 
employs the maximum possible constraint for the 
several speeds by using only two parameters: K and 
caT. Tic fit is termed %-constrained”. 

In addition to performing experiments at a series 
of rotor speeds, a multichnnnel cell [lo] permits ex- 
periments at three initial loading concentrations. With 
these three concentmtions, sedimentation equilibrium 
is attained at three rotor speeds. For each concentra- 
tion channel j, the multi-speed analysis is separately 
performed to determine the mean total component 
concentrations. For example, the assumed monomer- 
dimer mode would generate values of ca~~ and Kkj for 
each concentration J The equilibrium constants are 
now averaged over speed and loading concentration: 

E = <+>. (26) 

Using this average equilibrium constant and values of 
caTi, values of the coi are determined, along with the 
resulting standard deviation of eq. (25). The sum of 

eq. (25) may be over both speed and loading concen- 
tration_ This technique is called “W~constrained” 
and, in terms of model discrimination, is the most 

powerful considered. 
A computer program is available from the author 

to perform the multi-speed analyses. The program 
functions either with three sets of experimental data 
for the three rotor speeds, or by simulating data for 
a model system. In the simulation mode, one chooses 
the model, meniscus-to-base distance, initial loading 
concentations, equilibrium constants and rotor 
speeds. The program then simulates the concentration 
distributions attained at sedimentation equilibrium 
for the three speeds, terminates simulated data at the 
gradient Iimit cuw = 18, and perturbs all data with 3~ 
normally-distributed random noise. Experimental or 

simuIated data is then analyzed according to a chosen 
model. Some program changes are required by change 
of model. Such changes are minimal and are grouped 
for convenience. All [east-squares analyses are accom- 
plished by generating an augmented coefficient ma- 
trix which is solved by Crout reduction [ 11). This 
procedure is efficient and permits analysis with any 
degree of freedom. An additional degree of freedom 
in all fits is an additive constant cotresponding to the 
choice of concentration zero level in each concentra- 
tion distribution. The lowest rotor speed generally 

does not lead to meniscus depletion and therefore re- 
quires determination of the zero level by the fit. The 
extensive depleted regions at the higher speeds provide 
greatly overdetermined information for the additive 
fitting constants. The program first fits each speed 
separately and presents the three standard deviations 
of these fits. The multi-speed fit is performed and its 
S-D-determined_ Next, the program calculates equi- 
librium constants for each speed from the multi-speed 
fit. The average equilibrium constant then is used to 

calculate an overall S.D. for the w-constrained fit, as 
well as individual S.D.‘s for each speed. If the w,c-con- 
strained analysis is desired, the program described is 
run separately on multi-speed data of three loading 
concentrations. One then averages the three resultant 
K and enters this overall K into the program to gen- 
erate the standard deviations. 
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4. Multi-sped analyses results 

The advantages gained by the multi-speed analysis 

depend on adequate choice of the three equilibrium 
speeds and other experimental conditions_ rn general, 
the optimal speeds, loading concentrations, and col- 
umu length are inter-related. Higher speeds requite te- 
duced loading concentrations and permit reduced col- 
umn length. Longer columns generally yield greater 
resolution of the analysis, in terms of a larger SD. for 
an inconsistent model. The column lengths employed 
in the external loading multi-channel cell ate usuaby 
from 0.3 to 0.36 cm. The optimal column length is 
probably about 0.6 cm. (Lengths greater than this 
merely offer greater meniscus depletion regions for 
the speeds required here and are of little advantage,) 
The advantages of using three loading concentrations 
to perform a w,c-constrained multi-speed fit, out- 
weigh the less than optimal column lengths; and these 
fits show greater discrimination than do the w-con- 
strained fits with longer column lengths. An additional 
advantage in the shorter column lengths accrues in 
the reduced tune required to attain equilibrium. For 
column lengths near 0.36 cm, the best choice of 
speeds appears to fobow the rationale: choose the 
lowest speed so that the highest molecular weight 
species of the assumed model corresponds to u = 4 to 
6crn -2, and the highest speed so that the lowest mole. 
cular weight species has its o in the same range. The 

intermediate speed is then the geometric mean of the 
other two speeds. For simulations or experiments at 
a series of lodaing concentratic~ns, the concenttatioq 
ratios are chosen to be 1;2:4. The highest initial load- 
ing concentration of protein should generally be from 
1 to 3 me/ml. 

Gel formation may occur at the cell base in experi- 
ments at high sigmas and high concentration. The gel 
interferes with the multi-speed analysis only if it sig. 
nificantly affects the concentration distribution 
throughout the cell. Inability to determine the con- 
centration distribution near the cell base where the gel 
is present does not matter. Thus, to the extent that gel 
formation is a phase transition above a centain radius 
and concentration which does not alter the concentra- 
tion distribution at Iesser radii, gel formation represents 
no problem to the analysis. it is necessary, however, to 
first approach equilibrium at the lower speeds. To the 
extent that gel formation represents a disappearance 

Table 2 
hlulti-speed fits of mixed associxtions by a self-asocftion 

model 

A+B*d Ar 2A’==C n.S.D. b) 
0’: unconst. W.C-cont. 

2,3,5cm” 0.36 cm 1.7 3.7 
2, 3.5 0.72 2.3 5.3 
2,4,6 0.36 3.7 10.0 
2p4.6 0.72 6.0 15.0 
1.2.3 0.72 5.7 12.6 

a) Simulated mixed-association model is that of table 1. 
b, Normalized standard deviations of sir@ speed (uncon- 

strained) and w-c-constrained multi-speed fits assuming 1 
monamer-dimer model with A’ = (A l 9)/Z. 

of material from the cell without altering the effective 
cell base position, only a 2% loss of total cell contents 
at the highest speed compared to the lowest speed can 
be tolerated. Gel formation can be reduced by per- 
forming experiments at lower speeds and loading con- 
centrations. 

Multi-speed analyses were performed on simulated 
data corresponding to the mixed association mode of 
eq. (5). Simulated rotor speeds were in the ratio 
l:2t/4:2t/2, corresponding to a twofold variation of 
the sigmas. Generally, the smallest species present had 
aoof2cm-Z at the lowest rotor speed. Simulated to- 
tal loading concentrations were 0.75, 1 S, and 3 mm 
fringe displacement. The simulated data was analyzed 
assuming the (inconsistent) self-association mode of 
eq. (6). Normalized standard deviations of 3 were te- 
quired to detect inconsistency. Table 2 presents the 
partial results for a set of such analyses. The n.S.D. 
has been calculated for the nine single speed fits 
(“unconstrained”) and for the none individual con- 
centration distributions using the o,c-constrained tits. 
The maximum n.S.D. of the nine is presented in each 
case. If species A and B have sigmas of 2 and 3 cme7-, 
respectively, the unconstrained fit cannot resolve the 
association mode, as in table 1. The ~,c-constrained 
fit, however, successfully detects the inconsistency in 
the assumed model. If species B has a molecular 
weight twice that of species A, both the unconstrain- 
ed and constrained Fits suffice. The n.S.D.‘s For the 
constrained Fits are considerably greater. The multi- 
speed analysis, assuming the monomer-dimer mode, 
was repeated using simulated monomer-dimer data. 
In this “control”, all constrained and unconstrained 
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TabIe 3 Table 4 
Multi-speed fit of A + B =+ C a) assuming 2A’ t C b, Multi-speed analysis of histone f2al and f3 interaction’) 

Initiai SpeS? n.S.D. ‘1 
cone ‘) 

1 2 3 4 

Cl WI 1.7 1.7 1.7 

Cl 21’4 w, 1.3 1.7 1.7 

Cl 21/z 

{L&I‘) Z’ 

1.7 2.0 3.7 

=1 1.7 

=2 WI 2.0 2.0 2.0 

CZ 211/LGl, 2.0 2.0 2.0 

=2 7”2W* 1.7 2.7 3.0 

=z EmI =) 2.3 

=3 WI 2.3 2.3 2.3 

c3 21’4 w, 2.3 2.7 2.7 

=3 z”* w, 2.0 3.0 5.3 

c3 GJI =) 2.7 

a) Simulated model of table 1 with o’s = 2.3 and 5 cmm2 at 

Speed n.S.D. 

AtB+_Cb) 2A“C=) 
unconst- w-corm. unconst. W-Const. 

28 000 rpm 1.0 1.3 1.0 1.7 
34 000 1.0 Il.0 1.0 1.7 
40 000 1.3 1.7 2.0 2.0 
Combined 6.3 1.7 

a) Conditions are: loading concentrations of 0.25.0.5 and 
1 r&ml; 0.1 hf &Cl, 0.05 Xf NaOAc buffer, pH 5; 20°C. 

b, hfodel assumed is: (Ral)2 f- U3)2 d <f2al), 03)~. 
=) Model assumed is: 2U2al) (f3) =t Kk11)2 (f%2_ 

b) 
Wl- 
cr$q = 2.5 m-2 at WI_ 

Cl Initial concentration ratios arc 1:2:4. 
d, Norn~alhed standard deviations for (1) unconstrained. (2) 

component-constrained, (3) w-constrained. and (4) 
w.c-constrained fits Adequate discrimination occtirs with 
o.c-constraixd fits at highest speed. 

e, Combined speeds 

fits yielded n.S.D.‘s of 1.7 or less, thus correctly indi- 
cating the consistency of the assumed model. Table 2 
also indicates the advantage of column lengths ionger 
than 0.36 cm. The 0.72 cm length has an extensive de- 
pleted region at all speeds that is, in a sense, unused. 
Reducing the speed to generate a minimum sigma of 
1 anB2, however, offers no advantage, probably due 
to the lessened fractionation at these Iow speeds. 

ate speed, even though it results in less fractionation, 
may offer greater discrimination. Another factor de- 
termining discrimination of each channe1 is the maxi- 
mum observable concentration, which is often greater 
at the lower speeds because of their smaller concen- 
tration gradients. Table 3 presents a more complete 
analysis of one simulated mixed association model 
from table 2. Single concentration distribution n.S.D.‘s 
are presented for (1) unconstrained, (2) component 
constrained, (3) w-constrained, and (4) w, c-constrain- 
ed fits. In this case, adequate discrimination does not 
occur untess the simulated experiment is performed 
at both a series of speeds and loading concentrations. 

If separate estimations of the n.S.D. on each of 
the nine concentration distributions are made for the 
w,c-constrained fits, the concentration distributions 
at the highest speed usually have the largest n.S.D., 
probably because the highest speed affords the great- 
est fractionation. Although the n.S.D.‘s for the lower 
speeds may be insufficient to discriminate association 
modes, it is the constraints imposed by the lower 
speed data that makes possibte the discrimination at 
the higher speed. Which speed offers maximum dis- 
crimination depends upon the precise experimental 
parameters. If the higher speed causes most of the cell 
contents to be in the agregated form, the intermedi- 

The multi-speed fits were used to analyze the asso- 
ciation of histone fractions f2a 1 and f3 in order to 

distinguish the mixed and self-association modes of 
eqs. (3) and (4). respectively. A 12 mm external load- 
ing cetl contained 0.34 cm columns of histone at 0.25, 
0.5 and I mg/ml in 0.1 M NaCl, 0.05 M NaOAc buffer, 
pH 5. Rotor speeds of 28 000,34 000 and 40 000 rpm, 

at 20°C, were used for the multi-speed analysis. Table4 
presents the n.S.D.‘s for unconstrained and speed con- 
strained fits assuming the mixed-association or self- 
association models. The unconstrained fits are inca- 
pable of discrimination. The multi-speed fit, however, 
eliminates the mixed-association and indicates that 
the self-association of two (f2a 1) (f3) dimers to form 
the tetramer is the best model. 

Another example of a sometimes ambiguous model 
is a monomer-dimer-tetramer self-association. If 
data are not available at sufficiently high concentra- 
tions for the tetramer to be the major species, this sys- 
tem may often closely resemble a monomer-trimer 
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Tabte 5 
MuItEspeed fit of monomer-dimer-tetrzmer system ossum- 
ing monomer-trimer modela) 

Initial 
a3,,c_ b) ‘ueed 

n.S.D. c) 

1 2 3 4 

=I 01 23 4.3 4.3 

Cl 21/4 cd, 2.0 3.7 3.7 

=I 
2’12 

Cl r_,,z 2-o 
5.7 4.7 

4.3 

CP WI 23 4.0 4.0 

=2 2”” w , 1.7 6.7 6.7 

CZ 21’2 w , 

=2 {W,)d) 2-o 5.7 

LO.7 12.0 

=3 w1 23 5.0 5.0 

=3 2°C c&Q, 2.0 6.0 6.0 

c3 
2112 

c3 {w+' 2-o 6.0 

14.3 15.0 

a) 01 = 2.0 at w 1; associstion constants are K2 = 1.0 mm-* 
and K+ = IS mme3_ 

b, Initial concentrations are 0.75. 1.5 and 3.0 mm fringe dis- 
placement. 

Cl Normzdiied standard deviations for (1) unconstrained, (2) 
component-constrained, (3) w-constrained, and (4) 
w. c-constrained fits. 

‘1 Combined speeds 

self-association, A “two-species plot” will be apparent- 
ly linear, to within experimental error, and consistent 
with monomer-trimer. Standard deviations of fits of 
the concentration distributions of imperfect (experi- 
mental or noise-perturbed simulated) data will be con- 
sistent with both monomer-trirner and monomer- 
dimer-tetramer models. Table 5 presents the results 
of a multi-speed analysis of a Cm&ted monomer- 
dimer-tetramer system. The monomer sigma at the 
lowest speed is 2 crr~-~; the association constants on 
a weight concentration basis are K2 = f .O mm-r and 
K4 = 1.5 mxns3; the total initial concentration is 1 mm 
fringe displacement; column length is 0.36 cm; and 
speed ratios are 1 :2t/4:2L/2_ The single channel fits 
for the three speeds indicate the apparent consistency 
of the incorrect monomer-trimer model. The compo- 

nent constrained and -constrained fits are powerful 
in efiinating this incorrect model. The discrimina- 
tion is sufficient by means of the o-constrained fit 
(n,S_D_ typically more than 10 for the highest speed) 

that it is probable that the multi-speed technique 
could often discriminate between the difficult alterna- 
tivers: monomer-dimer-tetramer; monomer-tdmer- 
tetramer: and monomer-dimer-trimer-tetramer. 
However, these cases have not yet been investigated_ 

In situations where the greater discrimination of 
the multi-speed technique is unnecessary to remove 
ambiguities in the association mode, the technique 
may nevertheless be of value in yielding more accurate 
association constants than are available from a single 
speed. Non-idealitjr has not been included in this dis- 
cussion. The extension to non-ideal systems can be 
made by introducing non-linear fits with the second 
virial coefficient a parameter of the fit. Non-linear fits 
of equations of the form eq. (13) may be useful in 
cases where one or more of the sigmas are not previ- 
ously assumed. The additional constraint on the prob- 
lem would still be afforded from the simultaneous 
multi-speed fit, but the convenience of a linear fit 
would be Iost. In any case, the work prl nted here 
for analyzing interacting systems of discrete species, 
and the work of Scholte (3) for obtaining a distribu- 
tion function for non-interacting, broadly heterogene- 
ous systems, both demonstrate the advantage of com- 
bining in a single fitting procedure the data from ex- 
periments at a series of rotor speeds (and initial con- 
centrations). It is probably only in this manner that 
the ambiguities inherrent in analyzing a sum of several 

exponentials can be resolved. 

5. Overspeeding 

The time required to essentially obtain sedimenta- 
tion equilibrium at some angular velocity weq can be 
substantially reduced by temporarily overspeeding at 
velocity was [ 12- 141. The optimal overspeed time de- 
pends upon all parameters determining the equilibrium 
distribution at weq and upon the overspeed oos. In- 
deed, Teller [ 141 demonstrated the necessity of a 
careful choice of overspeed time, which if excessive 
could increase the total time required to reach equi- 
librium. The overspeed calculations involve lengthy 
series approximations of the Lamm equation for the 
rectangular case. The most thorough study is that of 
Teller [14] who used sufficient terms in the approx- 
imation to justify application to high-speed equilibri- 
um experiments. An overspecding procedure based 
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Fig. 5. Optimal reduced overspeed time. Reciprocal overspeed 
times are presented as a function of the overspeed ratio 

b&+$ 

upon the calculations of Teller has proven useful in 
our Iaboratoj. The procedure is to some extent em- 
pirical. It is presented here with no further justifica- 

tion than its apparent usefulness, and to encourage 
more complete mathematical anaIyses of overspeeding. 
Along with Teller, we define the reduced overspeed 
ume ~~~ as 

7 05 = rO+.& Fl(Tb - r,), (27) 

where tos is the overspeed time in seconds; r,,, and rb 
are the meniscus and base radial positions; and F is the 
midpoint. Teller presented values of the optimal ios 
required to minimize the total time required to essen- 
tiaUy attain equilibrium. He used an alternative reduc- 
ed molecular weight H: 

H= o(r; - r$/4. (28) 

Hand D correspond to speed w-. The extension 
made here is to note that the simulated data for the 
optima1 T,,~ presented by Teller can be approximated 
by 

0.267 If’-=’ 

ros = (w,,/w,)2 - I/2 * 
(29) 

The dependence on the overspeed ratio (w,,/w,) is 
particularly simple, and implies that a presentation of 
l/ros as a function of the squaie overspeed ratio 
should be linear. Fig. 5 presents values of r,,obtained 
as the minima of the family of curves in TelIer’s fG_ 4. 
The linearity is essentially perfect. The dependence of 

ros upon H corresponds to that of eq. (29) at le&t 
near the conditions of a typical high-speed sedibenta- 
tion equilibrium experiment_ 

Eqs. (27) and (29) may be combined to yield the 
optimal overspeed time in seconds: 

t 
0.0814 (LI~)“~ o’-‘~ 

OS = [(W,,/w,)2 - l/2] G&’ 
(30) 

where Ar is (rb - r,,,) and F= i-5 cm. The ovcrspeed 
time ros depends upon both a and s, which in turn de- 
pend upon the molecular weight and frictional coeffi- 
cient f, 

s = M( I - Vp)fNf: (331) 

Thus, to5 is linearly proportional to the frictional co- 
efficient, which is generally unknown in a sedimen- 
tation equilibrium experiment. However, a minimum 
frictional coefficient, &, may be calculated from 
Stoke’s formula assuming an unhydrated compact 
sphere of moiecular weight M and partial specific vol- 
ume ii: 

Jr0 = 61~7j(3bM,‘41rN)~~. (32) 

q is the sotvent viscosity and N Avogadro’s number. 
Since f > fo, use of eq. (32) yields a conservative esti- 
mate of the overspeed time. A less than optimal over- 
speed time results in some savings of total time requir- 
ed for equilibrium; while an excessive overspeed time 
risks an actual increased equilibrium time compared 
to no overspeeding. A better estimate off is made by 
multiplying eq. (32) by a reasonable estimate of the 
frictional ratio (fir,). 

Combination of eqs. (27), (30)-(32) yields 

1.73 x 10” 

(33) 

In practice, the smallest (f/f*) observed in protein 
experiments is I _ 14. It is convenient to define a cor- 
rection factor 0, which for a “standard” aqueous high- 
speed experiment has a value of unity when, 

f/h = 1.14, b = 0.73 cc/g, Ar = Ct.3 cm, 

P= Igi=, T= 293K 



Tab&z 6 
Uversueed timer for standard svstemsa) 

13 000 52000 56000 101 
40 a00 30000 44 000 66 
40030 30000 36000 if5 
8OcfoO 2i3000 28000 98 
80000 20000 240000 152 
200000 14060 20000 115 
2~0~ 14 a00 16000 220 

a) With 6 = 1, for typical hi@-speed sedimentation equiiibri- 
urn experiments 

(341 

With this definition, a& with ToS in minutes and rotor 
speeds in rpm, the optimal ovzrspeed time (in minutes) 
is 

f 
1X52X ro6e 

OS = Mo.*q (rpm,)O-a f(rpm,,/rpm~)2 - l/2] 
. (35) 

The feature of eq. (35) which makes it potentially use- 
ful is the only slight dependence upon the molecular 
weight. If precise a priori knowledge of M were requir- 
ed, accurate estimation of fGs would usually be impos- 
sible_ However, variation to the O-09 power permits 
considerable uncertainty in hf and permits averspeed- 
ing of polydisperse systems. We may enquire intuitively 
for the reason of this slight dependence_ For a given 
overspeed time, a high molecular weight species sedi- 
ments more towards the Al base than daes a Low 
matecular weight species. But at sedimentation equi- 
librium, the larger species is distributed mare towards 
the celI base. ‘Thus, we would not expect a great varia- 
tion of the optimal fos with molecular weight. The 
central difEculty in estimating r,,S is not prior knowl- 
edge of&f, but estimation of the frictional ratio. If 
(lclfa) is unknown, it is assumed equal to 1.14, as in 
eq- (35), to estimate a less than optimal rose 

The choice of the over-speed ratio (00, /cx~) deter- 
mines the extent of time reduction possible by over- 
speed&g. For a typical high-speed experiment, the op- 

timal overspeed ratio is near 8 and results in approxi- 
mately a sevenfold reduction of total time. An overspeed 
ratio of fi should yield a threefoId reduction in time. 
High over-speed ratios, particularly in high-speed sedi- 
mentation equilibrium experiments, may result in gel 
formation at the cell base with a consequent slow ap- 
proach to equilibrium. An overspeed ratio of fi is 
preferable to higher ratios; and in the case of antici- 
pated equih%rium a’s in excess of 8 cm-z, even more 
moderate averspeeding should be employed. Tabte 6 
presents overspeed times far typical systems with 
8=I. 

If equihbrium at speed w2 is approached from a 
previously attained equilibrium at a lower speed G_Q f 
eq. (35) overestimates the overspeed time at some 
third speed w3. Charlwood [ 15 J and Wilcox and 
Spragg (161 have examined the approach to equilibri- 
um from a Iower speed. However, their treatments are 
not directly applicable to the overspeed problem. On 
an empirical basis, our lab modifies eq. (35) by multi- 
plying the expression by 8’: 

8’= 1 - (rpml/rpm2)z- Qt;) 

Eq. (36) has the correct limiting behavior as rpml ap- 
proaches either zero or r-pm?. 

The overspeed considerations given here are at 
present intended to be of modest utility in reducing 
times required for sedimentation equilrbrium experi- 
ments. Tire reductions are particularly appreciated in 
the multi-speed experiments, discussed earlier, where 
equilibrium is attained at three speeds_ I~adve~ant~y 
exceeding the optimal overspeed time is not Iikely to 
resuit in an actual increased time to reach equiliirmm, 
compared with no overspeeding, if eq_ (35) is used. 
For the cases presented by Teller 1141, with an over- 
speed ratio of a, time reduction is afforded by all 
overspeed times less than 1.7 times the optimal cos_ 
Future work, particularly additional computer simula- 
tions of the series solutions to the JLamm equation, 
wilI be needed to explore the validity of the approx- 
imate eqs. (35) and (36). 
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